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Assume that Θ is an arbitrary variety of groups. Let W (X) be a free group
of the variety Θ over the finite set X and G is a group in this variety (G ∈ Θ).
We can consider the ”affine space over the group G”: HomΘ(W (X), G). For
every set T ⊂W (X) we can consider the ”algebraic variety”
A(T )G = T
′
G = {µ ∈ HomΘ(W (X), G) | T ⊂ kerµ}
and G-closure of T :
T ′′G =
⋂
µ∈T ′G
kerµ ⊂W (X).
Definition. [Pl1] Groups G1, G2 ∈ Θ are called X-equivalent if T ′′G1 = T ′′G2
holds for every set T ⊂ W (X). Groups G1, G2 ∈ Θ are called geometrically
equivalent (denoted G1 ∼ G2 ) if they are X-equivalent for every finite X.
It’s clear that the relation ”∼” is an equivalence. It was proved that groups
G1, G2 ∈ Θ are geometrically equivalent if and only if every finitely generated
subgroup of G1 can be approximated by subgroup of G2 and vice versa [Pl2].
We denote G ≺ H if the group G can be approximated by the group H , i.e.,
there is {ϕi | i ∈ I} ⊂ Hom(G,H) such that
⋂
i∈I
kerϕi = {1}. It’s clear that the
relation ”≺” is the order. If we consider only nilpotent finitely generated groups,
two groups G and H are geometrically equivalent , iff G ≺ H and H ≺ G.
Also, it was proved that if two groups are geometrically equivalent, they
have the same identities [Pl1] and the same quasi-identities [PPT].
Definitions. A variety Θ of groups is called Noetherian if the Noether
chain condition holds for the normal subgroups of every finitely generated free
group W (X) of this variety. [Pl3]
A group G in the arbitrary variety Θ is called [Pl3] geometrically Noethe-
rian if for every finite set X and every set T ⊂ W (X), where W (X) is a free
group of the variety Θ over the set X, there is a finite subset T0 ⊂ T , such that
T ′G = (T0)
′
G.
For geometrically Noetherianity of G we need the Noether chain condition
only for the G-closed normal subgroups in every finitely generated free group
W (X) of Θ, so every group G in the Noetherian variety Θ is geometrically
Noetherian.
The variety of a nilpotent class s groups is Noetherian, because every sub-
group of nilpotent finitely generated group is finitely generated.By [Pl3], two
geometrically Noetherian groups are geometrically equivalent if and only if they
have the same quasiidentities. So two nilpotent class s groups are geometri-
cally equivalent if and only if they have the same quasiidentities. The topic of
quasiidentities and quasivarieties of nilpotent groups (in most cases of nilpotent
class 2 groups) was researched in many papers: [Is], [Fd1], [Fd2], [Bu], [Sh].
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Now we can resolve some questions in this topic by comparison of finitely gener-
ated groups by the relation ≺. In particular, there is one-to-one correspondence
between classes of geometrically equivalent nilpotent groups and quasivarieties
generated by single nilpotent group.
1 Equivalence to Mal’tsev completion.
It is known that for every nilpotent torsion free group G there is a Mal’tsev
completion
√
G - the minimal group, such that G ⊂ √G and every x ∈ √G has
for every n ∈ N the x 1n ∈
√
G, such that
(
x
1
n
)n
= x. The
√
G is the nilpotent
group of the same class as G. The element x
1
n ∈ √G is uniquely defined by
x ∈
√
G and n ∈ N.
Groups G and
√
G have the same identities ([Bau]). In the [PPT] the ques-
tion was asked when is the nilpotent torsion free group G geometrically equiv-
alent to its Mal’tsev completion
√
G and, so, groups G and
√
G have the same
quasiidentities.
Theorem 1.
If G is a nilpotent class 2 torsion free group, then it is geometrically equiv-
alent to its Mal’tsev completion
√
G.
This theorem can be proved by simple calculation with the Mal’tsev basis
and Mal’tsev coordinats.
Corollary. A nilpotent class 2 torsion free group and its Mal’tsev comple-
tion have same the quasiidentities.
This result was achieved independently also by Bludov and Gusev [BG]. In
these theses there is the example of nilpotent class 3 torsion free group (with 4
generators) which is not geometrically equivalent to its Mal’tsev completion. So
this group and its Mal’tsev completion have different quasi-identities. There-
fore, the theorem of Baumslag cannot be extended to quasi-identities.
In Theorem 2, we consider relatively free groups, i.e., groups which are free
in some subvariety of the variety of nilpotent class s groups for some s ∈ N.
Theorem 2. A nilpotent torsion free relatively free group is geometrically
equivalent to its Mal’tsev completion.
Corollary. A nilpotent torsion free relatively free group and its Mal’tsev
completion have same the quasiidentities.
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In the proof of the Theorem 2 we used Lie Q-algebras connected with the
nilpotent torsion free complete (in Mal’tsev sense) groups. All these concepts
we can see in [Ba]. First, in every nilpotent Lie Q -algebra L, we can define
multiplication by Campbell-Hausdorff formula:
x · y = x+ y + 1
2
[x, y] + . . .
L will be a complete nilpotent torsion free group by multiplication ”·” (denoted
as L◦). Ln = γn (L
◦) for every n ∈ N, so the classes of nilpotency of L and L◦
coincide, and Abelian groups
γn−1 (L
◦) /γn (L
◦) ∼=
(
Ln−1/Ln
)◦ ∼= Ln−1/Ln
are Q-linear spaces. Conversely for every complete nilpotent torsion free group
D there is nilpotent Lie Q-algebra L, such that D ∼= L◦.
Secondly, if we have in some group the central filtration {Gi | i ∈ I} (I =
{1, . . . , n} for some n ∈ N, or I = N), then we can consider the graded Lie ring
L defined by this filtration:
L =
⊕
i∈I
Gi/Gi+1,
giGi+1 + hiGi+1 = gihiGi+1, [giGi+1, gjGj+1] = (gi, gj)Gi+j+1,
(gi, hi ∈ Gi, gj ∈ Gj).
If Abelian groups Gi/Gi+1 are Q-linear spaces, then L is a Lie Q-algebra. If
in the group G there is central filtration {Gi | i ∈ I} and L (G) is the graded
Lie ring, defined by filtration {Gi | i ∈ I}, and in the group H there is central
filtration {Hi | i ∈ I} and L (H) is the graded Lie ring, defined by filtration
{Hi | i ∈ I}, and ϕ ∈ Hom(G,H), such that Gϕi ⊂ Hi, then ϕ induces ϕ ∈
Hom(L (G) , L (H)) such that
(giGi+1)
ϕ
= gϕi Gi+1,
for every gi ∈ Gi.
Every nilpotent class s torsion free group G with n generators is the factor-
group of the Fs (n) - the free nilpotent class s group with n generators - by
some normal isolated subgroup T ✁ Fs (n). Denote the natural homomorphism
τ : Fs (n)→ Fs (n) /T ∼= G.
For proving Theorem 2, we must prove the following:
Lemma. Let G be a nilpotent class s torsion free group with n generators,√
G its Mal’tsev completion, H ≤ √G its finitely generated group. Then there
is k ∈ N, such that
H ≤ Hk =
〈
(xτ1)
1
k , . . . , (xτn)
1
k
〉
,
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where {x1, . . . , xn} are free generators of Fs (n).
To prove this Lemma we use the known theorem that every nilpotent
group G can be generated by some subset M ⊂ G and the commutant γ2 (G)
(G = 〈M,γ2 (G)〉) can be generated by set M (G = 〈M〉) (see [KM], 16.2.5).
Proof.
Denote L the Lie Q-algebra, such that L◦ ∼=
√
G. We can identify the
elements of L, L◦ and
√
G. If a, b ∈ √G = L, k ∈ N , then, by the Campbell-
Hausdorff formula,
a+ b ≡ a · bmod [L,L] ,
so
a
1
k · b 1k ≡ a 1k + b 1k = 1
k
(a+ b)mod [L,L] ,
and
a
1
k · b 1k ≡ (ab) 1k modγ2
(√
G
)
. (1)
Every g ∈ G has the form
g =
(
xτi1
)η1 · . . . · (xτir
)ηr
g2,
where i1, . . . , ir ∈ {1, . . . , n}, g2 ∈ γ2 (G) < γ2
(√
G
)
, η1, . . . , ηr ∈ Z. There-
fore, by (1),
g
1
k ≡ ((xτi1
)η1 · . . . · (xτir
)ηr) 1k ≡ (xτi1
) η1
k · . . . · (xτir
) ηr
k modγ2
(√
G
)
.
Consequently,
〈
(xτ1)
1
k , . . . , (xτn)
1
k , γ2
(√
G
)
| k ∈ N
〉
=
√
G.
So
〈
(xτ1)
1
k , . . . , (xτn)
1
k | k ∈ N
〉
=
√
G. (2)
If H = 〈h1, . . . , hm〉, where hi =
(
xτj1
) ti,1
ki,1 · . . . ·
(
xτjwi
) ti,wi
ki,wi , j1, . . . , jwi ∈
{1, . . . , n}, ti,l ∈ Z, ki,l ∈ N, 1 ≤ i ≤ m, then H ≤ Hk, where k =
∏
i,j
ki,j . The
lemma is thus proved.
Proof of Theorem 2.
It is necessary to be proved only for a finitely generated group. Let G be
a nilpotent class s torsion free relatively free group with n generators. G =
4
Fs (n) /T , where T is a isolated verbal subgroup of Fs (n). By the Lemma, it
is necessary to approximate the
Hk =
〈
(xτ1)
1
k , . . . , (xτn)
1
k
〉
≤
√
G
by G. The mapping
ϕ : xτi → (xτi )k (1 ≤ i ≤ n)
can be extended for the endomorphism of G ( because G is relatively free ) and√
G ([Ba], Chapter 6.6, Theorem 4). Hϕk ≤ G, so it is only necessary to prove
that kerϕ = {1}.
We shall consider for this purpose the graded Lie Q-algebra Lγ
(√
G
)
deter-
mined by central filtration
{
γi
(√
G
)}s
i=0
. The endomorphism ϕ ∈ End
(√
G
)
induces endomorphism ϕ ∈ End
(
Lγ
(√
G
))
. By (2), every
li ∈ γi
(√
G
)
/γi+1
(√
G
)
has the form:
li =
∏
j
wj · γi+1
(√
G
)
,
where
wj = wj
((
xτr1
)qj,1
, . . . ,
(
xτri
)qj,i)
( r1, . . . , ri ∈ {1, . . . , n}, qj,l ∈ Q ) is a group commutator with length i. So
lϕi =
∑
j
(
w′j
)ϕ
=
∑
j
kiw′j = k
ili
and kerϕ = {0}, because γi
(√
G
)
/γi+1
(√
G
)
are Q-linear spaces. On the
other hand, if gi ∈ γi
(√
G
)
∩ kerϕ ( 0 ≤ i ≤ s ), then giγi+1
(√
G
)
∈ kerϕ.
Therefore kerϕ = {1}. The proof is complete.
2 Groups with the small rank of center.
It is a very interesting problem to classify the classes of geometrically equivalent
groups in the variety of nilpotent groups of some fixed class s, or, in other words,
to describe all quasivarietes generated by single group of this variety.
It was proved by A. Berzins [Be], that two Abelian groups are geometrically
equivalent if and only if for every prime number p the exponents of their corre-
sponding p-Sylow subgroups coincide, and if one of these group is not periodic,
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then second group is not periodic either. The second step in this program will
be the classifying of classes of geometrically equivalent nilpotent torsion free
class 2 groups. This step can be considered as an approach to resolving the very
sophisticated problem of classifying of all nilpotent torsion free class 2 groups.
In the researching of the geometrical equivalence of nilpotent torsion free
class 2 groups we can (by Theorem 1) consider only complete nilpotent class
2 groups, which are completions of finitely generated torsion free groups. We
shall say that these complete group have a finite rank.
We used the approach of [GrS], which permits us to consider the problem of
approximating complete nilpotent class 2 torsion free groups of finite rank by
the technique of linear algebra. Let A0 be the nilpotent class 2 finitely generated
torsion free group and A its Mal’tsev completion. We say, that the group A is
the nilpotent class 2 torsion free complete group of finite ranks. We can identify
the the nilpotent class 2 torsion free complete group A of finite ranks with the
graded Lie Q-algebra
Lζ (A) = A/Z (A)⊕ Z (A) ,
or with the the pair of Q - vector space
VA = A/Z (A) (dim VA = rankA0/Z (A0) <∞),
WA = Z (A) (dimWA = rankZ (A0) <∞)−
and the nonsingular alternating bilinear mapping
[ , ]A : VA × VA ∋ (v1Z (A) , v2Z (A))→
→ [v1Z (A) , v2Z (A)]A = (v1, v2) ∈ Z (A) =WA,
which define Lie brackets in the Lζ (A).
If holds A ∼ A1, B ∼ B1 (A, A1, B, B1 - groups), then A × B ∼ A1 × B1.
So in this study we can consider only groups nondecomposable in the direct
product. So, we can assume for a complete nilpotent class 2 group A that
Z (A) = [A,A], or
im[ , ]A =WA. (3)
Otherwise A is decomposable in the direct product.
Let A = (VA,WA, [ , ]A) and B = (VB ,WB , [ , ]B) be two complete nilpo-
tent class 2 groups, which fulfill condition (3). The homomorphism Φ : A→ B
we can consider as the pair (ϕ, ψ) of two linear maps
ϕ : VA = A/Z (A) ∋ aZ (A)→ aΦZ (A) ∈ B/Z (B) = VB
ψ :WA = Z (A) ∋ z → zΦ ∈ Z (B) =WB,
which makes the following diagram commutative
Λ2VA
[ , ]A→ WA
Λ2ϕ ↓ ↓ ψ
Λ2VB
[ , ]B→ WB
,
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i.e., they satisfy the condition ψ[ , ]A = [ϕ , ϕ ]B.
It is clear that if A = (VA,WA, [ , ]A) and B = (VB ,WB , [ , ]B) are two
complete nilpotent class 2 groups of finite ranks, then A ≺ B there is the famili
of pairs of linear maps {(ϕi, ψi) | i ∈ I} such that
1)ϕi ∈ HomQ(VA, VB),
2)ψi ∈ HomQ(WA,WB),
3)ψi([ , ]A) = [ϕi , ϕi ]B,
4)
⋂
i∈I
kerψi = 0.
Denote S(k, V ) ( 2 | k, dimV = s ≥ k ) the alternate bilinear form: Λ2V →
Q such that, if {e1, ..., en} is the basis of V , then
S(k, V )(e2i−1, e2i) = −S(k, V )(e2i, e2i−1) = 1(1 ≤ i ≤ k
2
),
otherwise
S(k, n)(ei, ej) = 0.
Denote the group (V,W, S(k, V )), where dimV = k, 2 | k, dimW = 1 asN(k, 1).
It is clear that all Mal’tsev completions of nilpotent class 2 finitely generated
torsion free group with the cyclic center are isomorphic to the group N(k, 1) (
2 | k ).
Our aim is to prove the following:
Theorem 3. Let G1, G2 two nilpotent torsion free class 2 finitely generated
groups with the cyclic center. Then G1 and G2 are geometrically equivalent
(G1 ∼ G2) if and only if their Mal’tsev completions are isomorphic (
√
G1 ∼=√
G2).
and the
Theorem 4. Let G1, G2 two nilpotent torsion free class 2 finitely generated
groups, whose centers have rank 2. Then G1 ∼ G2 if and only if, or there is
nilpotent torsion free class 2 finitely generated group with the cyclic center N ,
such that G1 ∼ N ∼ G2, or
√
G1 ∼=
√
G2.
By Theorem 3, we have that there is a countable subset of quasi-varaietes
in the quasi-variety of the nilpotent class 2 torsion free groups. This result was
achieved in 1975 by Isakov [Is] by a complicated calculation, and here we achieve
it easily.
Proposition 1. Let A = (VA,WA, [ , ]A), the complete nilpotent class 2
group of the finite rank. Then N(k, 1) ≺ A iff there is V ≤ VA such that
dimV = k, dim[V, V ]A = 1 and the bilinear form [ , ]A|V×V is nonsingular.
Proof.
N(k, 1) ≺ A iff the N(k, 1) is embedded in the A.
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Corollary. If k1 6= k2 ( 2 | k1, k2 ), then N(k1, 1) is not geometrically
equivalent to the N(k2, 1).
Theorem 3 is proved.
Proposition 2. Let A = (VA,WA) the complete nilpotent class 2 group of
the finite rank. Then A ≺ N(k, 1) iff there are r = dimWA linear independent
functionals ψ1 ,...,ψr ∈ HomQ(WA,Q), such that the rankψi([ , ]A) ≤ k for
every i ∈ {1, ..., r} .
Proof.
Functionals ψ1, ..., ψr ∈ HomQ(WA,Q) are linear independent iff
r⋂
i=1
kerψi =
0.
Let A, B two complete nilpotent class 2 groups of finite ranks. We say that
the comparison A ≺ B is realized by functionals if there is {Φi = (ϕi, ψi) | i ∈
I} ⊂ Hom(A,B), such that dim imψi = 1 for every( i ∈ I ),
⋂
i∈I
kerψi = 0.
Corollary. Let A = (VA,WA, [ , ]A) and B = (VB ,WB, [ , ]B) be two com-
plete nilpotent class 2 groups of finite ranks and the comparison A ≺ B realized
by functionals. Then there is k ∈ N, such that A ≺ N(k, 1) ≺ B.
Proof.
Let k = max
i∈I
rankψi[ , ]A. By Proposition 2, we have A ≺ N(k, 1).
Without loss of generality,
rankψ1([ , ]A) = k ≤ dimVA = a.
We have [ϕ1 , ϕ1 ]B = ψ1([ , ]A) and [VA, VA]A =WA, so
dim[ϕ1(VA), ϕ1(VA)]B = dimψ1([VA, VA]A) = 1,
rank[ , ]B|ϕ1(VA)×ϕ1(VA) = k.
Thus there is the vector space V ≤ ϕ1(VA) ≤ VB such that
dimV = k, dim[V, V ]B = 1
and the bilinear form [ , ]B|V×V is nonsingular. Therefore, by Proposition 1,
we have N(k, 1) ≺ B.
Proposition 3. Let A = (VA,WA, [ , ]A), B = (VB ,WB, [ , ]B) two com-
plete nilpotent class 2 torsion free groups of finite ranks, rankZ(A) = 2. Then
A ≺ B iff
1)there is k ∈ N, such that A ≺ N(k, 1) ≺ B , or
8
2)there is Φ = (ϕ, ψ) ∈ Hom(A,B), such that kerψ = 0, kerϕ = 0.
Proof.
The condition 2) is equal to the embedding of the group A into group B, so
condition 1), as well as condition 2) imply A ≺ B.
The comparison A ≺ B can be realized by functionals or by embedding (be-
cause rankZ(A) = 2). So, by Corollary from Proposition 2, this comparison
implies condition 1), or condition 2).
Proposition 4. Let A = (VA,WA, [ , ]A) and B = (VB ,WB , [ , ]B) be two
complete nilpotent class 2 torsion free groups of finite ranks, whose centers have
rank 2. If A ∼ B, then or there is k ∈ 2N such that A ∼ B ∼ N(k, 1), or A ∼= B.
Proof.
If A ∼ B, then A ≺ B, so, by Proposition 3, or there is k ∈ 2N, such that
A ≺ N(k, 1) ≺ B, or there is Φ = (ϕ, ψ) ∈ hom(A,B), such that kerϕA = 0,
kerψA = 0. In the first case, we have A ∼ B ∼ N(k, 1), because A ∼ B. In the
second case, the proof is complete by symmetry.
The Theorem 4 is the corollary of the Proposition 4.
Proposition 5. Let A = (VA,WA) the complete nilpotent class 2 group of
the finite rank, which center has the rank 2 . Let dim VA = a, 2 | a. It cannot
be that A ∼ N (a, 1).
Proof.
It follows from (3) and Proposition 1.
In [Is] the question was posed: Are there other quasi-varieties of nilpotent
class 2 groups besides the quasi-varieties generated by groups N(k, 1)? In [Bu]
it was proved by complicated calculation that there are a continuum of quasi-
varieties of nilpotent class 2 torsion free groups. By our method we can easily
answer the question of [Is] as ”yes”.
Example.
The group defined by
[ , ]A =




0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 ,


0 0 1 0
0 0 0 0
−1 0 0 0
0 0 0 0



 ,
i. e., the basis of VA is {v1, v2, v3, v4} and the basis ofWA is {w1, w2}, [v1, v2]A =
[v3, v4]A = w1, [v1, v3]A = w2, is not geometrically equivalent to any group
N (k, 1).
Actually, it is clear that A can be equivalent only to N (2, 1) or N (4, 1). A
is not equivalent to the N (4, 1) by Proposition 5. If A ∼ N (2, 1), then by
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Proposition 2 there must be two linear independent functionals ψ1, ψ2 ∈ W ∗A,
such that rankψi([ , ]A) ≤ 2 < 4 (i = 1, 2). Let {χ1, χ2} is the basis ofW ∗A dual
for the {w1, w2}. Let
ψ = λ1χ1 + λ2χ2 ∈ W ∗A,
i.e.,
ψ([ , ]A) =


0 λ1 λ2 0
−λ1 0 0 0
−λ2 0 0 λ1
0 0 −λ1 0

 .
det


0 λ1 λ2 0
−λ1 0 0 0
−λ2 0 0 λ1
0 0 −λ1 0

 = λ41 = 0⇐⇒ λ1 = 0,
so there is only one ψ ∈ W ∗A such that rankψi([ , ]A) < 4. A is not equivalent
to the N (2, 1).
I would like to thank B. Plotkin for the attention towards my researches in
this topics.
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